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On maximal hypoellipticity and sub-Riemannian geometry

Omar Mohsen*

Abstract
We give an overview of our work on maximally hypoelliptic differential operators and
sub-Riemannian geometry. We then discuss open problems and directions in the field.
Résumé

Nous présentons un apergu de notre travail sur les opérateurs différentiels hypoelliptiques
maximaux et la géométrie sous-riemannienne. Nous discutons ensuite des problemes ouverts

dans le domaine.
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Introduction (en Francgais)

Dans cette these, nous présentons un apercu de notre travail sur les opérateurs différentiels
hypoelliptiques maximaux et la géométrie sous-riemannienne. Les origines de cette derniere
remontent aux travaux de Chow [Cho39], qui a démontré qu’étant donné certains champs de
vecteurs X1, - - -, X,, sur une variété lisse M, il est possible de relier deux points quelconques via des
chemins dont la dérivée, en chaque point, appartient a ’espace linéaire engendré par Xq,--- , X, a
condition que ces champs de vecteurs satisfassent la condition dite de Crochet de Lie de Hérmander.

En 1967, Hérmander [Hor67] a établi un lien entre la géométrie sous-riemannienne et ’analyse,
en prouvant son célebre théoréme de la somme des carrés, qui affirme que si D = X7 + -+ + X2 et
que v € C®(M) est une fonction lisse, alors les solutions de ’équation Du = v sont également lisses.
Il est important de noter que cette propriété de régularité des solutions est également satisfaite
par le Laplacien en géométrie riemannienne. Le Laplacien est un exemple d’opérateur différentiel
elliptique. Les opérateurs différentiels elliptiques constituent une large classe d’opérateurs possédant

des propriétés de régularité tres fortes (voir Théoréme 1.4). Cependant, la somme des carrés de
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Hérmander X7 + -+ + X2 n’est, en général, pas un opérateur elliptique. Motivés par le résultat
de Hormander, Folland, Helffer, Nourrigat, Rothschild, et Stein [FS74; RS76; HN85] ont défini la
classe des opérateurs différentiels hypoelliptiques maximaux, qui peuvent étre considérés comme
I’analogue des opérateurs elliptiques en géométrie sous-riemannienne.

Ces dernieres années, nos travaux se sont concentrés sur I’étude des opérateurs différentiels
hypoelliptiques maximaux en utilisant des méthodes issues de la géométrie non commutative.

En 1982, Connes a introduit la C*-algébre d’un feuilletage régulier [Con82], grace a laquelle il
a généralisé le théoreme de I'indice d’Atiyah-Singer pour les feuilletages. Ce travail a marqué le
début du domaine de la géométrie non commutative, qui utilise les outils des algebres d’opérateurs
pour résoudre des problémes en géométrie et en analyse. S’appuyant sur une construction de
Connes [Con94], appelée groupoide tangent, Debord et Skandalis [DS14] ont proposé une nouvelle
définition géométrique des opérateurs pseudo-différentiels classiques. Ils ont également démontré
que cette construction pouvait étre utilisée pour prouver des propriétés de régularité des solutions
d’opérateurs différentiels elliptiques.

L’un de nos principaux résultats et outils est une généralisation du groupoide tangent a la
géométrie sous-riemannienne. L’idée de généraliser la construction de Connes remonte aux travaux
de these de van Erp [Erpl0a] et Ponge [Pon08], qui ont proposé une telle construction dans le cas
des variétés de contact (voir Exemple 2.1.2).

Nos travaux récents portent sur 'application de cette généralisation du groupoide tangent de
Connes [Moh24d] pour I’étude des opérateurs différentiels hypoelliptiques maximaux, ainsi que
pour la généralisation du théoreme de l'indice d’Atiyah-Singer et le calcul des espaces tangents en
géométrie sous-riemannienne, au sens de Gromov. Plus précisément, cette these est divisée en six

chapitres, qui sont organisés comme suit :

1. Dans section 1, nous donnons une breve introduction aux opérateurs différentiels elliptiques.
Nous énongons également le principal théoréme de régularité pour les opérateurs différentiels
elliptiques.

2. Dans section 2, nous introduisons la classe des opérateurs différentiels maximaux hypoellip-
tiques. Nous énongons notre théoreme, une généralisation du théoreme de régularité pour les

opérateurs différentiels elliptiques aux opérateurs maximaux hypoelliptiques.

3. Dans section 3, nous donnons une bréve introduction a la géométrie sous-riemannienne. Dans
[Gro96], Gromov a définit I’espace tangent d’un espace métrique quelconque. Il est naturel
de se demander ce qu’est I'espace tangent en géométrie sous-riemannienne. Dans [Bel96],
Bellaiche calcule ’espace tangent en géométrie sous-riemannienne. Dans cette section, nous
énoncons notre deuxiéme théoreéme principal qui montre que le calcul de Bellaiche n’est pas

complet. Nous calculons ensuite tous les espaces tangents en géométrie sous-riemannienne.

4. Section 4 est consacré au théoreme de 'indice d’Atiyah-Singer. Nous énongons notre troisieme
théoréme principal qui est une formule topologique (généralisant celle d’Atiyah-Singer) pour
I'indice analytique des opérateurs différentiels maximaux hypoelliptiques sur les variétés

compactes.

5. La démonstration des trois résultats précédents repose sur la méme construction/technique,
celle de groupoide tangent. Dans section 5, nous présentons cette construction ainsi que

notre généralisation et sa connexion avec les trois théoremes précédents.



1 Regularity theorem for elliptic operators

Let M be a smooth manifold and D : C®(M) — C®(M) a differential operator. We denote
by C~%(M) the space of distributions on M, i.e., the topological dual of C* (M, |A|*TM). The
differential operator D naturally extends to a linear map C~*(M) — C~*(M). Furthermore, the

extension is pseudo-local, i.e.,
singsupp(Du) € singsupp(u), Yue C~%(M)
We are interested in the linear partial differential equation
Du=v, wu,veC *(M)

More precisely, we are interested in the question: if v is smooth, is u smooth? Motivated by this

question, L. Schwartz introduced the following :

Definition 1.1. We say that D is hypoelliptic if for any « € C~% (M), singsupp(Du) = singsupp(u).

Equivalently, if D(u) is smooth on an open set U € M, then w is also smooth on U.
Examples 1.2. 1. The differential operators % on R is hypoelliptic. This is just the funda-
mental theorem of calculus.
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2. The Cauchy-Riemann equation i3> on R? is also hypoelliptic.

3. Trivially, the differential operator % on R? is not hypoelliptic.

It is no coincidence that we give the Cauchy-Riemann equation as an example. In fact some
properties of analytic functions are shared with solutions of more general hypoelliptic differential

operators. We share here two such folklore properties.
Proposition 1.3. Let D be a hypoelliptic differential operator on a smooth manifold M.

1. ForanyneN, K € M compact, K' € M a compact neighborhood of K, there exists C > 0
such that if f € ker(D), then || f|lcn gy < ClIfllco(rry-

2. If M is compact, then ker(D) is finite dimensional.

Proof. We prove the first statement under the hypothesis M is compact and K = K’ = M. We
leave the general case to the reader. We equip C* (M) with a locally convex topology 7 given by
the semi-norms f — || fl|co(ar) and f = [[D(f)llcnary for all n € N. This topology is complete
because if (f,)nen is a Cauchy sequence, then there exists a f € C°(M) and g € C®(M) such that
fn— fin CY(M) and D(f,) — g in the classical C* (M) topology. It follows that D(f) = g in
the sense of distributions. By hypoellipticity, we deduce that f € C*(M) from which completeness
follows. By the open mapping theorem applied to Id : C*(M) — C* (M), where on the codomain
we put the T-topology and on the domain we put the classical topology, we deduce that 7 and the

classical topology coincide. Hence, for any n € N, there exists m € N, C' > 0 such that

Ifllenany < CUfllcoary + 1P(Dllemary),  Vf e CF(M).

By restricting to ker(D), the result follows.
The first result together with Arzela-Ascoli theorem imply that {f € ker(D) : [[f|lco(ary < 1} is

compact. By Riesz theorem, the second result follows. O



The general method to prove that a differential operator is hypoelliptic is by constructing a
parametrix, i.e., a linear operator P : C~*(M) — C~*(M) such that

1. P is pseudo-local. In particular P(C*(M)) € C*(M).
2. R = PD —1d is regularizing, i.e., R(C~*(M)) € C*(M).

This method in particularly successful for elliptic operators. To define elliptic operators, we recall
the definition of the classical principal symbol of a differential operator D. In local coordinates, D

can be written

We define the principal symbol by

U(D,l’,f) = Z gl(x)\/jlnfh

[|=n

where if T = (i1, i), then & = &, -+ &, . One checks that the principal symbol locally defined

above gives a well-defined coordinate independent smooth function o(D) : T*M — C.

Theorem 1.4 (Main regularity theorem for elliptic operators, see [Hor85]). Let D be a differential

operator of order n on a smooth manifold M. The following are equivalent
1. For every (z,£) € T*M\0, o(D,z,&) # 0.
2. For any se R, ue C~®(M), Du e H*(M) implies that v H*T"(M).

3. For any differential operator D' of order < n, and any compact K < M, there exists C > 0
such that

||D/(f)HL2(K) < C(||D(f)||L2(K) + ”fHL?(K))? VfeCr(K)
Furthermore if M is compact, then the above is equivalent to
4. For any s € R, the operator D : H*"(M) — H*(M) is Fredholm.
If D satisfies the above conditions, then D 1is called elliptic.

By Sobolev lemma, C* (M) = (),.g H*(M), it follows that elliptic differential operators are
hypoelliptic.

2 Maximally hypoelliptic differential operators

Let M be a smooth manifold, Xi,---,X, be vector fields on M. We say that Xy,---,X,
satisfy Hormander’s condition if for any « € M, T, M is linearly spanned by X;(z),- -, X, (z),
(X, X;](2), [[ X5, X;], Xk](2),---. We will suppose that the number of commutators needed to

generate T, M is bounded above by some natural number N € N independent of x.

Examples 2.1. 1. For any k € N, the vector fields % and xk% on R? satisfy Hérmander’s

condition.

2. A contact structure on a smooth manifold is essentially the same as some vector fields
X1, -+, X, which satisfy the conditions rank(X;(x), -+, X, (2)) = dim(M) — 1 and T, M is
linearly spanned by Xi(z),--- , X, (), [X;, X;](z) for all z € M.
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Notice that in Examples 2.1, Héormander’s condition is satisfied in a rather non-continuous way.
By this we mean that around x # 0, one doesn’t need any commutators to generate T, M but near
x = 0, one needs k-iterated commutators to generate T, M. Studying this behavior is at the center
of our work.

The interest in Hérmander’s condition comes from the following celebrated result by Hérmander
[Hor67].

Theorem 2.2 (Hormander). The differential operator Ax = X? + -+ + X2 is hypoelliptic.

The differential operator Ax is elliptic if and only if at every x € M, T, M is linearly spanned
by Xi(x),- -+, X,(x). Our main goal is to generalize the notion of elliptic operators to include the
operator Ax.

The following simple proposition follows directly from Hérmander’s condition

Proposition 2.3. Any differential operator D can be written as D = P(Xy,--- ,X,,) where P is

a noncommutative polynomial with coefficients in C®(M).

Sketch of proof. A commutator [X,Y] = XY —Y X is by definition a noncommutative polynomial
in X,Y. Hormander’s condition implies that any vector field X can be written as a polynomial in
X1, ,X,. The result follows. O

Thanks to Proposition 2.3, we can make the following definition

Definition 2.4. The Hérmander order of a differential operator D is the minimum degree of P
such that D = P(Xq,---, X,,).

Example 2.5. In Examples 2.1.1, the Hérmander order of a% is k+1.
Motivated by Theorem 1.4.3, we introduce the following:

Definition 2.6. A differential operator D is called maximally hypoelliptic if for any differential
operator D’ whose Hormander order is less than or equal to the Hormander order of D, and for

any compact K € M, there exists C' > 0 such that

1D (F)ll oy < CUADWDN ey + 1 L oiey)s ¥F € CE(K). (1)

We can also define maximal hypoellipticity using Sobolev spaces as follows: Let k € N. We
define
HY(M) := {ue L3, M : D(u) € L3,_ M VD whose Hormander order < k}. (2)

One can extend H k(M) for any k € R by duality and interpolation. This is possible because the

definition of H*(M) in (2) satisfies the sheaf condition, i.e., if u € L2 M, such that for every

x € M, there exists x € C%(M) such that x(z) # 0 and yu € H*(M), then u € H*(M). One can

show the following

Proposition 2.7 ([AMY22]). Let D be a differential operator whose Hormander order is n. The

following are equivalent :
1. The operator D is maximally hypoelliptic.
2. For any s € R, and ue C~* (M), Due H*(M) implies that u € H*+"(M).

Notice that by Proposition 2.3, (g H*(M) = C*(M). In particular, a maximally hypoelliptic

differential operator is hypoelliptic. Like in Theorem 1.4, one also wants to define a principal symbol

9



which detects maximal hypoellipticity. Let g be the free Lie algebra generated by X1, - - , X,, with
the only relation being that any iterated commutator of length > N vanishes. The Lie algebra
g is nilpotent finite dimensional. Let G be the simply connected Lie group integrating g. Let

m: G — U(H) be a unitary irreducible representation of G,
dm: g — End(C™(m))

the differential of 7, where C®(7) < H is the space of smooth vectors. We can now define our
principal symbol of D. One writes D as a polynomial D = P(Xy,---, X,,) as in Proposition 2.3
with deg(P) equal to the Hormander order of D (i.e., with deg(P) as minimal as possible). This
step is analogous to the step of writing D in local coordinates when defining the classical principal
symbol. We then define

o(D,2,7) = Praz(dr(X1),- - ,dr(X,)) € End(C™(n)),

where Ppax,z is the polynomial P after removing all lower order terms and replacing each coefficient
f e C®(M) with f(z). One obvious issue with this definition of the principal symbol is that it is not
clear if it is well-defined. In other words, if D = P(Xy, -+, X,,) = Q(X1, -+, X,,) for some polyno-
mials P, Q, then it is not obvious if Ppae o (dm(X1), -+ ,dn(X,)) = Qmaz.e(dr(X1), -+ ,dn(X,)).
Well, turns out that the principal symbol is not well-defined. But, it is well-defined for a very
special set of representations which we call the Helffer-Nourrigat set 7T,. This set of representations
will be described in details at the end of Section 3.

Theorem 2.8 ([AMY?22)). For any x € M, w € T, D differential operator, o(D,z, ) is well-
defined.

We can now state the main theorem of this section.

Theorem 2.9 ([AMY22]). Let M be a smooth manifold, X1,--- , X, be vector fields satisfying
Hérmander’s condition, D a differential operator of Hérmander order n. The following are

equivalent
1. The differential operator is mazimally hypoelliptic.
2. For anyx € M, w € T,\{1g}, o(D,z,7) is injective.
If M is compact, then the above is equivalent to the following

3. For every s € R, the operator D : H*+*"(M) — H®(M) is left-invertible modulo compact

operators.

The main idea behind the proof of Theorem 2.9 will be briefly discussed in Section 5. Theorem 2.9
was conjectured by Helffer and Nourrigat in [HN79b], see also [HN85; HNO05]. Notice that if
Xi(z), -, Xp(z) linearly span T, M at every x € M without any need for commutators, then

Theorem 2.9 is precisely Theorem 1.4. Theorem 2.9 was known in the following two cases:

1. In the case where X1 (z),-- -, X, (2), [X;, X;](2) linearly span T,, M at every x € M by Helffer
and Nourrigat [HN85].

2. In the case where the vector fields X, -+, X,, are equiregular by Rothschild [Rot79].

Definition 2.10. We say that the vector fields X1, --- , X,, are equiregular if for any k € N,
the rank of the linear subspace of T, M linearly spanned by X1, ..., X, (z) and all iterated

commutators of length < k is locally constant (as a function in x).

10



This is the case for contact manifolds for example.

In addition to the above, many authors have worked on Theorem 2.9, either restricting to the case
where the manifold is a simply connected nilpotent Lie group, or to a specific differential operator,
or building a pseudo-differential calculus which contains parametrix for maximally hypoelliptic
differential operators in various degrees of generalities, see [Bou74; FS74; Dyn76; Goo76; RS76;
Bea77; Dyn78; Roc78; HN79a; Mel82; Mel83; Tay84; BG88; Cum89; EMM91; G1o91; Chr+92;
Pon08; BFG09; FR14; Str14; FR16; EY19; FF20; Ewe21; DH22].

The main advance in our work is studying the non equiregular case (for instance Examples 2.1.1).
As we will see in Section 3 this condition has various strong implications on the sub-Riemannian
geometry associated to Xy,--- , X,,.

So far, we have only used L?-norms. A theorem due to Street shows that one can also use

LP-norms if p €]1, +o0].

Theorem 2.11 (Street [Strl4]). Let D be a mazimally hypoelliptic differential operator on a
smooth manifold M. Then for any differential operator D' whose Hormander order is less than or
equal to the Hormander order of D, p €]1,4+0[, and for any compact K = M, there exists C > 0
such that

1D ()| o iey < CUPD iy + 1l o). ¥ € CL ().
We now return to Theorem 2.2. Héormander in fact proved the following as well :

Theorem 2.12 (Hérmander). Given vector fields X1,--- , X, satisfying Hormander’s condition
The differential operator Ay = X% + -+ + X2_, + X,, is hypoelliptic.

The differential operator A’y is not maximally hypoelliptic in the traditional sense defined
above. We now generalise the notion of maximal hypoellipticity to include the above example as
well. Suppose we are given some natural numbers vy, --- , v, € N. We can then define the weighted
Hormander order of any differential operator D to be the minimum of the weighted degree of P
such that D = P(Xy, -, X,,), where the weighted degree of P(xy,--- ,x,) is calculated by giving
x; the weight v;. Everything discussed above now extends with appropriate modifications in this

weighted setting. The main remarks we wish to highlight are the following:

o The definition of Sobolev spaces (2) is only valid if k € N is divisible by vy, -+ ,v,. For other

values of k, one has to define Sobolev spaces by interpolation and duality.

« One defines maximally hypoellipticity using Sobolev spaces (if u € C~®(M), Du e H*(M),
then uw e H*T™(M) where n is the weighted Hormander order of D) instead of Definition 2.6.
This condition is equivalent to (1) as long as one supposes that the Hormander order of D is

divisible by vy, -+, v,.

o Theorem 2.9 and Theorem 2.11 hold with no assumptions on weights (other than v; € N for

all i) and no assumptions on the Hérmander order of D.

o The operator A’y is now an example of a maximally hypoelliptic differential operator with

weights v1 = -+ =v,-1 = 1 and v, = 2.
All the results of Section 4 and Section 5 are also true if one adds weights vy, -+ ,v, € N to
X1, , X, in full generality with no further assumptions on weights (other than v; € N for all 7).

To simplify discussion, we will ignore weights for the rest of this text.
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3 Sub-Riemannian geometry

Let M be a smooth manifold, X1, ---,X,, be vector fields satisfying Hérmander’s condition,
x,y € M. A sub-Riemannian path from z to y is an absolutely continuous path v : [0,1] - M
such that v(0) = z, v(1) =y, and +/(¢) € span(X;(7(t)), -+, Xn(y(t))) almost everywhere in ¢.

Theorem 3.1 ([Cho39]). Let x,y € M. There exists a sub-Riemannian path from x toy

Given z € M and v € span(Xy(x),- -, X,(z)) € T, M, we define

lv]| ;= inf

Zn: viiv = i v; X; ()
i=1 i=1

If v is a sub-Riemannian path from x to y, we define

1
1) = | ol ar
0
We can then define the sub-Riemannian distance (also called the Carnot-Carathéodory distance)

dec(r,y) = inf{l(v)}

Proposition 3.2. The distance docc generates the usual topology on M.

Following Gromov [Gro96], if (X, d) is a metric space, then the limit lim,_,o+ (X,t~1d, x), if it
exists, in the sense of pointed Gromov-Hausdorff distance is called the tangent cone of X at z.
The tangent cone of a Riemannian manifold (M, dgjem) at  is (T M, driem,0). We are interested
in computing the tangent cone of (M, dcc).

Generalizing a result of Mitchell [Mit85], Bellaiche [Bel96] computed the tangent cone of
(M,dcc) as follows: Let G be the simply connected nilpotent Lie group from Section 2. For each
x € M, Bellaiche identifies a simply connected Lie subgroup t, € G of codimension dim(M). He
shows that

lim (M, t 'dec, x) = (G/te, dg /e, ta) (3)

t—0+
where dg/., is a Carnot-Carathéodory metric on the homogeneous space G/t,.

The main observation of our work [Moh24d] is that the limit in (3) is not uniform in z. That
is, if ,, € M is a sequence converging to = and t, — 0%, then lim,, ., (M, t, *dcc, z,) exists (up
to taking a subsequence) but the limit is of the form (G/H,d¢g g, H) where H < G is a simply
connected Lie group and in general H # v, for all y € M.

This leads to our construction. For each 2 € M, we define a subset GY of simply connected Lie

subgroups of G of codimension dim (M), which satisfies the following conditions
1. v, egl.
2. Ifge G, He GY then gHg™ ! € G°.

3. The set GY is closed when identified (using Lie algebras) with a subset of the Grassmannian

manifold of subspaces of g of codimension dim(M).

The set G) comes from looking at linear relations between the vector fields X7, -+, X, and
their commutators which we now define. Let g be the Lie algebra of G. There is a natural linear
map

g:g— X(M),
12



where X' (M) is the space of vector fields on M. The map § is the unique linear map which sends
X; to X; and which sends iterated Lie brackets of X, in g of length < N to the corresponding
Lie brackets in X(M). Notice that § isn’t a Lie algebra homomorphism because iterated Lie
brackets in X'(M) of length > N do not necessarily vanish. For z € M, let i, : g — T, M be the
composition of § with the evaluation map at x € M. The map f, is surjective by Hérmander’s
condition. Therefore, ker(fi,) is a subspace of g of codimension equal to dim(M). Let Grass(g) be
the Grassmannian manifold of subspaces of codimension dim(M). We also make use of the natural
graded dilation oy : g — g on g which is defined by ay(X;) = tX;, at([f(i,f(j]) = t2[)~(i,)~(j],
etc. The main point of our work [Moh24d] is that the convergence in the Gromov-Hausdorff
distance of (M, t, 'dcc, z,) can be reduced to the linear algebra problem of computing the limit

of ;-1 (ker(fz,,)) in the Grassmannian manifold Grass(g). We thus define
G2 = {h e Grass(g) : I(tn)nen < R, (®n)nen © M such that t,, — 0,z,, — z, atgl(ker(hwn)) — h}.

Even though f is not a Lie algebra homomorphism and therefore ker(f,,) is not a Lie subalgebra of
g in general. We prove that the limit o, (ker(f,,,)), if it exists, is always a Lie subalgebra of g.
Therefore, G2 can be considered as a set of Lie subgroups of G.

We go further by creating a space that includes all the spaces G? together as x varies. To this

end, we consider the inclusion

M x R} — Grass(g) x M x Ry
(z,1) = (o (ker(hz)), =, 1)

We take the space
G’ := M xR} | | 62 x {(x,0)}
zeM
to be the closure of M x R} inside Grass(g) x M x Ry equipped with the subspace topology.
This topology is a second countable locally compact metrizable topology which makes the natural

projection G® — M x R a proper continuous map. Our main theorem is the following
Theorem 3.3 ([Moh24d]). If (zn,t,) € M x R} converges in G° to (H,x,0) where H € GY, i.e.,
ift, = 0, v, > & and o1 (ker(h,,)) — b, then

lim (M,t;ldCCaxn) = (G/H7 dG/HvH)v

n—+00
where dgg is a Carnot-Carathéodory metric on the homogeneous space G/H.

Since the projection map G° — M x R is proper, it follows that Theorem 3.3 gives all possible
tangent cones. The main idea behind the proof of Theorem 3.3 turns out to be the same as that of
Theorem 2.9 which is discussed in Section 5.

We remark that if the vector fields X7, -+, X,, are equiregular, then G = {r,.}. In other words,
the limit in (3) is uniform in z.

We end this section by giving the definition of the set 7T, from Theorem 2.8. There are three

equivalent ways to define the set 7.

1. An irreducible unitary representation 7w of G belongs to 7, if and only if 7 is weakly contained
in the induced representation G — U(L?*(G/H)) for some H € GY.

13



2. If we identify T, with a subset of g* using Kirillov’s orbit method [Kir62; Bro73], then

T.= v

Heg)?
where b is the Lie algebra of H. Here, b+ = {¢ € g* : £(h) = 0}.

3. If we identify T, with a subset of g* using Kirillov’s orbit method, then

7.;7 = {5 € 9* : El(tn)nEN = Rj_, (xnvfn)nEN = T*M > t, — O,In - I,fn o hmn oo, — 5}
(4)
All these various ways to define 7, together with Theorem 2.9 suggest that the set 7, should

be seen as the cotangent space in sub-Riemannian geometry. We remark that the set 7, was
introduced by Helffer and Nourrigat in [HN79b] using (4).

4 Index theorem

In [AS68], Atiyah and Singer found a topological formula for the analytic index of elliptic differential
operators on compact manifolds. Their formula depends on the classical principal symbol. Given
the analogies between Theorem 1.4 and Theorem 2.9, it is natural to wonder if one can also
formulate an index theorem for maximally hypoelliptic differential operators using our principal
symbol. In this section, we will formulate such an index theorem based on our work [Moh22c].
Let M be a compact smooth manifold and X1, -, X,, be vector fields satisfying Hérmander’s

condition.

Proposition 4.1 ([AMY22]). Let D be a differential operator on M of Hérmander order n. The

following are equivalent :

1. The operator D and its formal adjoint D* (with respect to a Riemannian metric) are mazimally

hypoelliptic.
2. For anyx € M, 7 € T,\{1g}, o(D,z,m) : C®(7) — C®(m) is bijective.
3. For every s € R, the operator D : H**"(M) — H*(M) is Fredholm.
We say that D is bi-mazimally hypoelliptic if it satisfies the above conditions.

We remark that if D; and Dy are the formal adjoints of D with respect to two different
Riemannian metrics, then Dy — D5 has strictly less Hormander order than Dy and Ds, so Dy is
maximally hypoelliptic if and only if Dy is maximally hypoelliptic.

For the following proposition, if T': V' — W is a linear map between vector spaces, then we say
that T has finite analytic index if dim(ker(T")) and codim(im(7T')) are finite. In this case,

indg(7T) := dim(ker(T')) — codim(im (7))

Proposition 4.2 ([Moh22c]). Let D be a bi-mazimally hypoelliptic differential operator. The

following linear maps have finite analytic index. Furthermore, their analytic indices coincide.

D :C®(M) — C*(M)
D:H*"™™(M)— H*(M), VseR
D:C~ (M) - C~*(M)
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To formulate our index theorem, we need to define a C*-algebra denoted by A. Consider
C*(G)®C(M) where G is the simply connected nilpotent Lie group from Section 2. The spectrum
(the space of irreducible unitary representations) of C*(G) ® C(M) is G x M where @ is the space

of irreducible unitary representations of GG. The following

Uﬁx{x}géxM

xeM

is a closed subset of the spectrum. By general theory of C*-algebras (see [Dix77]), a closed subset
of the spectrum corresponds to a quotient C*-algebra of C*(G) ® C(M) which we denote by A.

Let D be a bi-maximally hypoelliptic differential operator. By construction, the spectrum
of Ais | |,.p T2 x {x}. For each such representation, we have an invertible operator o (D, z,7) :
C*(m) — C®(m). One can put all these operators together to obtain an element [o(D)] € K(A),
the K-theory of the C*-algebra A.

We now construct a linear map ind; : Ko(A) — Z which we call the topological index. We first
need to compute Ky(A). Let

T = |_|7;><{1:}

zeM

seen as a subset of g* x M using Kirillov’s obit method. The space T is a closed subset of g* x M,
so it is locally compact. We denote by K°(T), its topological K-theory with compact support, see
[AS6S].

Proposition 4.3 ([Moh22c]). One has a natural isomorphism CT : Kq(A) — K°(T).

Recall that the Connes-Thom isomorphism [FS80; Con81] implies that
K (C*G® C(M)) ~ K°(g* x M).

The isomorphism CT can be seen as a localization of the Connes-Thom isomorphism. Naturality
in Proposition 4.3 refers to the fact that CT is compatible with Mayer—Vietoris sequence which
allows one to make concrete computations.

Now, let us recall that the set 7, is defined in Equation (4) using a limit procedure from 7% M.

One can use Equation (4) to define a topological space
Z=T*M xR uT x {0} (5)

More precisely, the topology on Z is determined by the following three properties
1. The set T*M x R is open subset with its usual topology.
2. The set T x {0} is a closed subset with the subspace topology from g* x M.

3. A sequence (Zn,&p, tn) € T*M x R converges to (z,&,0) if and only if z, — , ¢, — 0, and
§n O h:zz" oo, — €.

One can show that Z is locally compact Hausdorff second countable. Since T*M xR is contractible,

the topological space Z (think of it as a cone with base 7) defines an excision map
Ex: K°(T) — K°(T*M).
Finally, Atiyah and Singer famously defined a topological index map

Ind, : K%(T*M) — Z.
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We can now state the main theorem of this section

Theorem 4.4 ([Moh22c]). For any bi-mazimally hypoelliptic differential operator on a compact
smooth manifold M,
Ind,(D) = Ind, (Ex(CT([o(D)]))).

Theorem 4.4 provides yet another support for the claim that 7, should be seen as the cotangent
space in sub-Riemannian geometry. Theorem 4.4 generalizes Atiyah-Singer index theorem because
for elliptic operators A = Co(T*M), and CT and Ex are the identity maps. Theorem 4.4 was
known for contact manifolds by the work of van-Erp [Erp10a; Erp10b], see also [BE14]. Our proof
(and our index formula) relies heavily on the ideas introduced by van-Erp.

Amusingly, like Theorem 2.9 and Theorem 3.3, the proof of Theorem 4.4 also relies on the

construction from Section 5.

5 Blow up spaces

5.1 Connes’s tangent groupoid
Let M be a smooth manifold. The deformation to the normal cone (see [Ful84]) of M x M along
the diagonal produces a smooth manifold

TM := M x M x Ry o TM x {0}

The topology on TM is characterized by the following three properties
1. The set M x M x R} is an open subset of TM with its usual topology.
2. The set T M is a closed subset of TM with its usual topology.

3. A sequence (Yn,Tn,tn) € M x M x R} converges to (z,&,0) € TM if and only if ¢, — 0,

Tp,Yn — z, and in any local coordinates around z, ¥n—*= — ¢
n

In [Con94], Connes made a central remark that TM is a Lie groupoid. This essentially means that

CP(TM) has a convolution product
CP(TM) x CP(TM) — CL(TM)
frglz,at) =t~ AmaD f (29,09, . 1)
M

frge0) = | flen0g(wg - n.0)
T, M
Here the integrals are with respect to some Riemannian metric on M. We remark that one can
more elegantly replace functions with density valued functions, see [Con94; DL10]. This removes
the ¢~ 4m(M) factor. This is intimately connected to the heat kernel asymptotics and Weyl law of
elliptic operators.
The groupoid TM has been studied by many authors. We will list here some of these applications

which are relevant to our discussion.

1. In [Con94], Connes showed that the groupoid TM can give a very quick and elegant proof of
Atiyah-Singer index theorem.

2. In [DS14; DS15], Debord and Skandalis showed that the groupoid TM can be used to prove
Theorem 1.4. More precisely they prove the following theorem:
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Theorem 5.1 (Debord and Skandalis). Let k € C with R(k) <0, f € C*(TM). The kernel

X dim(M) dt
P(y,l‘) = 0 t f(y7xvt)tkﬁ (6)

defines a classical pseudo-differential operator on M of order k.

Again, the factor ¢t~ 4™(M) disappears if we replace functions with densities. Theorem 5.1 can
be extended to arbitrary k € C, but one requires additional hypotheses on f for the integral
(6) to converge in the sense of distributions. For example if 0 < (k) < 1, then one needs
STT 2 f(2,6,0)dE = 0 for all 2 € M. For higher R(k), one requires more vanishing conditions.
Thé elegance of Theorem 5.1 is that all the technical conditions one usually requires in
the classical approach to pseudo-differential operators (for example [Hor71]) become the
very simple condition f € C¥(TM). Using Theorem 5.1, Debord and Skandalis showed
that the groupoid TM can be used to reconstruct the short exact sequence for classical

pseudo-differential operators which easily implies Theorem 1.4.

Another approach very similar to the approach of Debord and Skandalis was found by van-Erp
and Yuncken [EY19].

3. As we said in Section 3, the tangent space of (M, dgriem, ) is (Tx M, dRiem,0). This result

can be seen as a consequence of the fact that the function

dRiem (ya ‘T)

d:TM - R, (yo,t) > D,

(.CE, €7 O) — dRiem (fa 0)

is continuous. We remark that at the same time as Connes constructed his tangent groupoid,
Pansu [Pan83] calculated the tangent space of nilpotent groups. The main step of his proof
is the construction of a deformation space like TM. He then proves that the appropriate
distance function on his deformation space is continuous. His main result is then immediately

obtained from this continuity.

The above suggests that to prove Theorem 2.9 and Theorem 3.3, one needs to construct the
analogue of Connes’s tangent groupoid in sub-Riemannian geometry. This is precisely our main
contribution to the work described above. We will describe our construction in the next section.
We refer the reader to [Moh24d] for a detailed construction of our groupoid.

The idea of constructing an analogue of Connes’s tangent groupoid in sub-Riemannian geometry
goes back to van-Erp’s thesis [Erpl0a; Erpl0b] and Ponge’s thesis [Pon08]. In van-Erp’s thesis, he
constructed this groupoid for contact manifolds (using Darboux’s theorem). He then showed that
this groupoid gives an index theorem for maximally hypoelliptic differential operators on contact
manifolds. Previous to our construction which holds for any vector fields satisfying Hérmander’s
condition, multiple authors obtained different (but equivalent) constructions of this groupoid in
the equiregular case, see [EY17; HH18; CP19; Moh21].

5.2 Tangent groupoid in sub-Riemannian geometry

The idea behind our construction is very simple: the tangent groupoid is a Riemannian geometry
construction in which one adds the tangent spaces at ¢ = 0. Therefore, the analogue in sub-

Riemannian geometry has to be the space in which one adds the tangent spaces in sub-Riemannian
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geometry at ¢ = 0. Our groupoid as a set is equal to

G=MxMxRiu | | G/H x{0}.
xeM

Heg?
We equip G with a natural topology. We will only describe the most interesting feature of G which
is how a sequence (yy, Tn,tn) € M x M x R converges to a point (gH, x,0) where z € M, H € GY,
gH € G/H.

Proposition 5.2. A sequence (yn,n,tn) converges to (gH,z,0) if and only if the following

conditions are satisfied:
1. p,Yn — x and t, — 0
2. The sequence (Zy,t,,0) converges to (H,z,0) in the topology of G°
3. There exists v, € G such that exp(as, (vn)) * Tn = Yn, and v, — v for some v e gH.

Here exp(ay, (vp)) » T, = Yn, means that the flow of the vector field t(ay, (v,)) starting from x,
arrives at y, at time 1. We remark here to define f : G — X (M), we identify G with g using the

exponential map.

Notice the analogy between exp(au,, (v5)) @n = yn and v, — v € gH and the identity #*—** — ¢
which appears in the definition of Connes’s tangent groupoid. We can now state our main theorem
on G.

Theorem 5.3 ([Moh24d]). The space G is locally compact Hausdorff second countable space, which

is furthermore a topological groupoid whose space of objects is GP.

In the previous theorem that the space G being Hausdorff is essentially a consequence of the
period bounding lemma [AR67; Ozo72]. The use of the period bounding lemma to construct
topological groupoids goes back to the PhD thesis of Debord, see [Deb01; Deb13].

The space G is unfortunately not a smooth manifold in general. In general, one can construct
a closed topological embedding G — R™ for n big enough. One can then define smooth functions
on G to be the restriction of smooth functions on R™. More natural definitions of C*(G) which
don’t depend on such embeddings can also be given, see [Moh24c].

The fact that G is not a smooth manifold introduces all sort of technical difficulties, especially in
adapting the work of Debord and Skandalis, and van-Erp and Yuncken [DS14; DS15; EY19] to the
maximal hypoellipticity setting. An important tool which is used here is the work of Androulidakis
and Skandalis [AS09] where they introduce the notion of bi-submersions which serve as local charts
for G.

We remark that G is a special case of a much more general construction which we gave in
[Moh22a]. We end by mentioning the recent work of Louis [Lou24|, where he gave variants and
generalizations of our construction from [Moh22a]. He also studied the question of when G (and

his more general spaces) are smooth manifolds.

References

[AR67] R. Abraham and J. Robbin. Transversal mappings and flows. An appendix by Al Kelley.
W. A. Benjamin, Inc., New York-Amsterdam, 1967, pp. x+161.

18



[AMY21]

[AMY?22]

[AS09]

[AS68]

[BFG09)

[BE14]

[Bea77]

[BGSS]

[Bel96)

[BouT74]

[Bro73]

[CP19]

[Cho39]

[Chr+92]

[Con81]

I. Androulidakis, O. Mohsen, and R. Yuncken. “The convolution algebra of Schwartz
kernels along a singular foliation”. In: J. Operator Theory 85.2 (2021), pp. 475-503.
1SSN: 0379-4024,1841-7744. DOI: 10.7900/ jot.

I. Androulidakis, O. Mohsen, and R. Yuncken. A pseudodifferential calculus for maxi-
mally hypoelliptic operators and the Helffer-Nourrigat conjecture. 2022. arXiv: 2201.
12060 [math.AP].

I. Androulidakis and G. Skandalis. “The holonomy groupoid of a singular foliation”. In:
J. Reine Angew. Math. 626 (2009), pp. 1-37. 1SsN: 0075-4102. DOI: 10.1515/CRELLE.
2009.001.

M. F. Atiyah and I. M. Singer. “The index of elliptic operators. I”. In: Ann. of Math.
(2) 87 (1968), pp. 484-530. 1SsN: 0003-486X. DOI: 10.2307/1970715.

H. Bahouri, C. Fermanian-Kammerer, and I. Gallagher. “Analyse de ’espace des phases
et calcul pseudo-differential sur le groupe de Heisenberg”. In: C. R. Math. Acad. Sci.
Paris 347.17-18 (2009), pp. 1021-1024. 1SsN: 1631-073X. DOI: 10.1016/j.crma.2009.
06.003.

P. Baum and E. van Erp. “ K-homology and index theory on contact manifolds”. In: Acta
Math. 213.1 (2014), pp. 1-48. 18SN: 0001-5962. DOI: 10.1007/s11511-014-0114-5.

R. Beals. “Opérateurs invariants hypoelliptiques sur un groupe de Lie nilpotent”. In:
Séminaire Goulaouic-Schwartz 1976/1977: Equations auz dérivées partielles et analyse
fonctionnelle, Exp. No. 19. 1977, p. 8.

R. Beals and P. Greiner. Calculus on Heisenberg manifolds. Vol. 119. Annals of Math-
ematics Studies. Princeton University Press, Princeton, NJ, 1988, pp. x+194. ISBN:
0-691-08500-5. pOI: 10.1515/9781400882397.

A. Bellaiche. “The tangent space in sub-Riemannian geometry”. In: Sub-Riemannian
geometry. Vol. 144. Progr. Math. Birkh&user, Basel, 1996, pp. 1-78. po1: 10.1007/978-
3-0348-9210-0\_1.

L. Boutet de Monvel. “Hypoelliptic operators with double characteristics and related
pseudo-differential operators”. In: Comm. Pure Appl. Math. 27 (1974), pp. 585-639.
ISSN: 0010-3640. DOI: 10.1002/cpa.3160270502.

I. D. Brown. “Dual topology of a nilpotent Lie group”. In: Ann. Sci. Ecole Norm. Sup.
(4) 6 (1973), pp. 407-411. 1sSN: 0012-9593.

W. Choi and R. Ponge. “Tangent maps and tangent groupoid for Carnot manifolds”.
In: Differential Geom. Appl. 62 (2019), pp. 136-183. 1sSN: 0926-2245. DOI: 10.1016/j.
difgeo.2018.11.002.

W .-L. Chow. “Uber Systeme von linearen partiellen Differentialgleichungen erster
Ordnung”. In: Math. Ann. 117 (1939), pp. 98-105. 1ssN: 0025-5831. por: 10. 1007/
BF01450011.

M. Christ et al. “Pseudodifferential operators on groups with dilations”. In: Duke Math.
J. 68.1 (1992)7 pp- 31-65. 18SN: 0012-7094. DOT1: 10.1215/30012-7094-92-06802-5.

A. Connes. “An analogue of the Thom isomorphism for crossed products of a C*-algebra
by an action of R”. In: Adv. in Math. 39.1 (1981), pp. 31-55. 1SSN: 0001-8708. DOLI:
10.1016/0001-8708(81)90056-6.

19



[Con82]

[Con94]

[Cum89]

[DH22]

[Deb01]

[Deb13]

[DL10]

[DS14]

[DS15]

[Dix77]

[Dyn76]

[DynT78]

[EMMO1]

[Erpl0a]

[Erpl0b]

[EY17]

A. Connes. A survey of foliations and operator algebras. English. Operator algebras
and applications, Proc. Symp. Pure Math. 38, Part 1, Kingston/Ont. 1980, 521-628
(1982). 1982.

A. Connes. Noncommutative geometry. Academic Press, Inc., San Diego, CA, 1994,
pp. xiv+661. 1SBN: 0-12-185860-X.

T. E. Cummins. “A pseudodifferential calculus associated to 3-step nilpotent groups”.
In: Comm. Partial Differential Equations 14.1 (1989), pp. 129-171. 1sSN: 0360-5302.
DOI: 10.1080/03605308908820593.

S. Dave and S. Haller. “Graded hypoellipticity of BGG sequences”. In: Ann. Global Anal.
Geom. 62.4 (2022), pp. 721-789. 1sSN: 0232-704X. DOI: 10.1007/s10455-022-09870-0.

C. Debord. “Holonomy groupoids of singular foliations”. In: J. Differential Geom. 58.3
(2001), pp. 467-500. 1sSN: 0022-040X.

C. Debord. “Longitudinal smoothness of the holonomy groupoid”. In: C. R. Math.
Acad. Sci. Paris 351.15-16 (2013), pp. 613-616. 1ssN: 1631-073X. por: 10.1016/j .
crma.2013.07.025.

C. Debord and J.-M. Lescure. “Index theory and groupoids”. In: Geometric and
topological methods for quantum field theory. Cambridge Univ. Press, Cambridge, 2010,
pp- 86—158. ISBN: 978-0-521-76482-7. DOI: 10.1017/CB09780511712135.004.

C. Debord and G. Skandalis. “Adiabatic groupoid, crossed product by R¥ and pseu-
dodifferential calculus”. In: Adv. Math. 257 (2014), pp. 66-91. 1sSN: 0001-8708. DOI:
10.1016/j.aim.2014.02.012.

C. Debord and G. Skandalis. “Pseudodifferential extensions and adiabatic deformation
of smooth groupoid actions”. English. In: Bull. Sci. Math. 139.7 (2015), pp. 750-776.
ISSN:OOOTAA97.DOI:10.1016/j.bulsci.2014.12.00L

J. Dixmier. C*-algebras. Translated from the French by Francis Jellett, North-Holland
Mathematical Library, Vol. 15. North-Holland Publishing Co., Amsterdam-New York-
Oxford, 1977, pp. xiii+492. 1SBN: 0-7204-0762-1.

A. Dynin. “An algebra of pseudodifferential operators on the Heisenberg groups.
Symbolic calculus”. In: Dokl. Akad. Nauk SSSR 227.4 (1976), pp. 792-795. ISSN:
0002-3264.

A. Dynin. “Pseudodifferential operators on Heisenberg groups”. In: Pseudodifferential
operator with applications (Bressanone, 1977). Liguori, Naples, 1978, pp. 5-18.

C. Epstein, R. Melrose, and G. Mendoza. “Resolvent of the Laplacian on strictly
pseudoconvex domains”. English. In: Acta Math. 167.1-2 (1991), pp. 1-106. ISSN:
0001-5962. por: 10.1007/BF02392446.

E. van Erp. “The Atiyah-Singer index formula for subelliptic operators on contact
manifolds. Part I”. In: Ann. of Math. (2) 171.3 (2010), pp. 1647-1681. 1sSN: 0003-486X.
DOI: 10.4007/annals.2010.171.1647.

E. van Erp. “The Atiyah-Singer index formula for subelliptic operators on contact
manifolds. Part I17. In: Ann. of Math. (2) 171.3 (2010), pp. 1683-1706. 1SsN: 0003-486X.
DOI: 10.4007/annals.2010.171.1683.

E. van Erp and R. Yuncken. “On the tangent groupoid of a filtered manifold”. In: Bull.
Lond. Math. Soc. 49.6 (2017), pp. 1000-1012. 1SSN: 0024-6093. DOI: 10.1112/blms.
12096.

20



[EY19]

[Ewe21]

[FS80]

[FF20]

[FR14]

[FR16]

[FS74]

[Ful84]

[G1091]

[GooT6]

[Gro96]

[HH18]

[HNOS5]

[HN79a]

[HN79b]

[HN85]

E. van Erp and R. Yuncken. “A groupoid approach to pseudodifferential calculi”. In: J.
Reine Angew. Math. 756 (2019), pp. 151-182. 1SsN: 0075-4102. DOI: 10.1515/crelle-
2017-0035.

E. Ewert. Pseudo-differential extension for graded nilpotent Lie groups. 2021. arXiv:
2002.01875 [math.0A].

T. Fack and G. Skandalis. “I’analogue de 'isomorphisme de Thom pour les groupes de
Kasparov”. French. In: C. R. Acad. Sci., Paris, Sér. A 291 (1980), pp. 579-581. ISSN:
0366-6034.

C. Fermanian-Kammerer and V. Fischer. “Defect measures on graded Lie groups”. In:
Ann. Sc. Norm. Super. Pisa Cl. Sci. (5) 21 (2020), pp. 207-291. 18SN: 0391-173X.

V. Fischer and M. Ruzhansky. “A pseudo-differential calculus on graded nilpotent
Lie groups”. In: Fourier analysis. Trends Math. Birkh&user/Springer, Cham, 2014,
pp. 107-132.

V. Fischer and M. Ruzhansky. Quantization on nilpotent Lie groups. Vol. 314. Progress
in Mathematics. Birkhduser/Springer, [Cham], 2016, pp. xiii+557. ISBN: 978-3-319-
29557-2. DOI: 10.1007/978-3-319-29558-9.

G. Folland and E. Stein. “Estimates for the ¢, complex and analysis on the Heisenberg
group”. In: Comm. Pure Appl. Math. 27 (1974), pp. 429-522. 1ssN: 0010-3640. DOI:
10.1002/cpa.3160270403.

W. Fulton. Intersection theory. Vol. 2. Ergebnisse der Mathematik und ihrer Gren-
zgebiete (3) [Results in Mathematics and Related Areas (3)]. Springer-Verlag, Berlin,
1984, pp. xi-+470. 1SBN: 3-540-12176-5. DOT: 10.1007/978-3-662-02421-8.

P. Glowacki. “The Rockland condition for nondifferential convolution operators. I1”.
English. In: Stud. Math. 98.2 (1991), pp. 98-114. 1sSN: 0039-3223.

R. Goodman. Nilpotent Lie groups: structure and applications to analysis. Lecture
Notes in Mathematics, Vol. 562. Springer-Verlag, Berlin-New York, 1976, pp. x+210.

M. Gromov. “Carnot-Carathéodory spaces seen from within”. In: Sub-Riemannian
geometry. Vol. 144. Progr. Math. Birkh&user, Basel, 1996, pp. 79-323.

A. Haj Saeedi Sadegh and N. Higson. “Euler-like vector fields, deformation spaces
and manifolds with filtered structure”. In: Doc. Math. 23 (2018), pp. 293—-325. ISSN:
1431-0635.

B. Helffer and F. Nier. Hypoelliptic estimates and spectral theory for Fokker-Planck
operators and Witten Laplacians. Vol. 1862. Lecture Notes in Mathematics. Springer-
Verlag, Berlin, 2005, pp. x+209. 1SBN: 3-540-24200-7. DOT: 10.1007/b104762.

B. Helffer and J. Nourrigat. “Caracterisation des opérateurs hypoelliptiques homogénes
invariants a gauche sur un groupe de Lie nilpotent gradué”. In: Comm. Partial
Differential Equations 4.8 (1979), pp. 899-958. 1SsN: 0360-5302. DOI: 10 . 1080 /
03605307908820115.

B. Helffer and J. Nourrigat. “Hypoellipticité maximale pour des opérateurs polynoémes
de champs de vecteurs”. In: C. R. Acad. Sci. Paris Sér. A-B 289.16 (1979), A7T75-AT778.
I1SSN: 0151-0509.

B. Helffer and J. Nourrigat. Hypoellipticité maximale pour des opérateurs polynomes de
champs de vecteurs. Vol. 58. Progress in Mathematics. Birkh&user Boston, Inc., Boston,
MA, 1985, pp. x+278. 1SBN: 0-8176-3310-3.

21



[Hor67)

[Hor71]

[Hér85]

[Kir62]

[Lou24]

[Mel82]

[Mel83)]

[Mit85]

[Moh19]

[Moh21]

[Moh22a]

[Moh22b)

[Moh22c]

[Moh22d]

[Moh24a]

[Moh24b)

[Moh24c]
[Moh24d]

[0z072]

L. Hérmander. “Hypoelliptic second order differential equations”. In: Acta Math. 119
(1967), pp. 147-171. 1ssN: 0001-5962. pOI: 10.1007/BF02392081.

L. Hérmander. “Fourier integral operators. I”. In: Acta Math. 127.1-2 (1971), pp. 79-183.
ISSN: 0001-5962. DOI: 10.1007/BF02392052.

L. Hormander. The analysis of linear partial differential operators. III. Vol. 274.
Grundlehren der mathematischen Wissenschaften [Fundamental Principles of Mathemat-
ical Sciences|. Pseudodifferential operators. Springer-Verlag, Berlin, 1985, pp. viii+525.
ISBN: 3-540-13828-5.

A. A. Kirillov. “Unitary representations of nilpotent Lie groups”. In: Uspehi Mat. Nauk
17.4 (106) (1962), pp. 57-110. 1SsN: 0042-1316.

R. Louis. A series of Nash resolutions of a singular foliation. 2024. arXiv: 2301.08706
[math.DG].

A. Melin. “Lie filtrations and pseudo-differential operators”. In: Preprint (1982).

A. Melin. “Parametrix constructions for right invariant differential operators on nilpo-
tent groups”. In: Ann. Global Anal. Geom. 1.1 (1983), pp. 79-130. 1ssN: 0232-704X.
DOI: 10.1007/BF02329740.

J. Mitchell. “On Carnot-Carathéodory metrics”. In: J. Differential Geom. 21.1 (1985),
pp. 35-45. 18SN: 0022-040X.

O. Mohsen. “Chern-Simons invariants in K K-theory”. In: J. Funct. Anal. 277.11 (2019),
pp. 108253, 17. 1sSN: 0022-1236,1096-0783. DOI: 10.1016/j.jfa.2019.05.023.

O. Mohsen. “On the deformation groupoid of the inhomogeneous pseudo-differential
calculus”. In: Bull. Lond. Math. Soc. 53.2 (2021), pp. 575-592. 1sSN: 0024-6093. DOI:
10.1112/blms . 12443.

O. Mohsen. Blow-up groupoid of singular foliations. 2022. arXiv: 2105.05201 [math.DG].

O. Mohsen. “Index theorem for inhomogeneous hypoelliptic differential operators”. In:
Muenster journal of mathematics (2022). DOI: 10.48550/ARXIV.2001.00488.

O. Mohsen. On the index of mazimally hypoelliptic differential operators. 2022. arXiv:
2201.13049 [math.KT].

O. Mohsen. “Witten deformation using Lie groupoids”. In: Adv. Math. 398 (2022),
Paper No. 108142, 33. 18SN: 0001-8708,1090-2082. poI: 10.1016/j.aim.2021.108142.

O. Mohsen. “A groupoid approach to the Wodzicki residue and the Kontsevich—Vishik
trace”. In: Journal of Noncommutative Geometry (2024). po1: 10.4171/JNCG/601.

O. Mohsen. “Differential operators on C*-algebras and applications to smooth functional
calculus and Schwartz functions on the tangent groupoid”. In: Journal of Functional
Analysis 287.11 (2024), p. 110615. 1sSN: 0022-1236. DOIL: https://doi.org/10.1016/
j.jfa.2024.110615.

O. Mohsen. “On multi-parameter maximal hypoellipticity: I”. In: (2024). In preparation.

O. Mohsen. “Tangent groupoid and tangent cones in sub-Riemannian geometry”. In:
Duke Mathematical Journal 173.16 (2024), pp. 3179-3218. pOI: 10.1215/00127094~
2024-0013.

V. Ozols. “Critical points of the length of a Killing vector field”. In: J. Differential
Geometry 7 (1972), pp. 143-148. 15sN: 0022-040X.

22



[Pan83]

[Pon08]

[RocT8]

[Rot79)

[RS76]

[Str14]

[Tay84]

P. Pansu. “Croissance des boules et des géodésiques fermées dans les nilvariétés”.
In: Ergodic Theory Dynam. Systems 3.3 (1983), pp. 415-445. 1sSN: 0143-3857. DOL:
10.1017/80143385700002054.

R. Ponge. “Heisenberg calculus and spectral theory of hypoelliptic operators on Heisen-
berg manifolds”. In: Mem. Amer. Math. Soc. 194.906 (2008), pp. viii+ 134. ISSN:
0065-9266. DOI: 10.1090/memo/0906.

C. Rockland. “Hypoellipticity on the Heisenberg group-representation-theoretic criteria”.
In: Trans. Amer. Math. Soc. 240 (1978), pp. 1-52. 1SSN: 0002-9947. poI: 10.2307/
1998805.

L. P. Rothschild. “A criterion for hypoellipticity of operators constructed from vector
fields”. English. In: Commun. Partial Differ. Equations 4 (1979), pp. 645-699. ISSN:
0360-5302. poI: 10.1080/03605307908820107.

L. P. Rothschild and E. Stein. “Hypoelliptic differential operators and nilpotent groups”.
In: Acta Math. 137.3-4 (1976), pp. 247-320. 1sSN: 0001-5962. DOI: 10.1007/BF02392419.

B. Street. Multi-parameter singular integrals. English. Vol. 189. Ann. Math. Stud.
Princeton, NJ: Princeton University Press, 2014. 1SBN: 978-0-691-16251-5; 978-0-691-
16252-2; 978-1-4008-5275-8. DOIL: 10.1515/9781400852758.

M. Taylor. “Noncommutative microlocal analysis. I”. In: Mem. Amer. Math. Soc. 52.313
(1984), pp. iv+182. 1SsN: 0065-9266. DOI: 10.1090/memo/0313.

23



